The stability of a horizontal layer of fluid heated from below is examined when, in addition to a steady temperature difference between the horizontal walls of the layer a time-dependent low-frequency per turbation is applied to the wall temperatures. An asymptotic solution is obtained which describes the be haviour of infinitesimal disturbances to this configuration. Possible stability criteria are analyzed and the results are compared with the known experimental as well as numerical results.
Introduction
The present paper is concerned with the stability of a fluid layer confined between two horizontal planes and heated periodically from below and above. Lord Ray leigh [1] made the first theoretical analysis of the socalled Benard problem concerning the stability of a fluid layer in the presence of a temperature gradient parallel to the gravitational force. Chandrasekhar [2] has given an extensive treatment on this subject based on linear theo ry. Closely allied mathematically to the present case is the problem of circular couette flow, i.e. the flow between two co-axially rotating vertical cylinders (Tay lor instability) when the inner cylinder has a velocity which varies periodically with time, while the outer cyl inder is at rest. Donnelly [3] has investigated experimen tally the circular couette flow and found that the onset of instability is delayed by the modulation of the angular speed of the inner cylinder with the degree of stabiliza tion rising from zero at high frequency to a maximum at a frequency of 0.274 (v/d2), where d is the gap between the cylinders and v the kinematic viscosity.
Since the problems of Taylor stability and Benard stability are very similar, Venezian [4] has worked out the thermal analogue of Donnelly's experiment and compared the results with the results of Donnelly. Venezian's theory does not find any such finite frequen cy, as obtained by Donnelly, but finds that for the case of modulation only at the lower surface, the modulation would be stabilizing with maximum stabilization occuring as the frequency goes to zero. However, he suggest ed that the linear theory ceases to be applicable when the frequency of modulation is sufficiently small. Rosenblat and Herbert [5] have investigated the lin ear stability problem for low-frequency modulation and found an asymptotic solution of the problem. Here the periodicity and amplitude criterion were employed to calculate the critical Rayleigh number. In both analyses free-free boundary conditions were used. Rosenblat and Tanaka [6] have used the Galerkin's procedure to solve the linear problem for the more realistic rigid wall boundary conditions. A similar problem has been considered earlier by Gershuni and Zhukhovitskii [7] for a rectangular temperature profile.
Gresho and Sani [8] have treated the linear stability problem with rigid boundaries and found that gravita tional modulation can significantly affect the stability limits of the system. Finucane and Kelly [9] have carried out an analytical-experimental investigation to confirm the results of Rosenblat and Herbert. Besides investigat ing the linear stability, Roppo etal. [10] have also car ried out the weakly non-linear analysis of the problem. A numerical solution of the linear Rayleigh-Benard con vection was obtained by Weimin and Charles [11] and compared with the analytic solution. On linear basis, Kelly and Hu [12] have investigated the onset of thermal convection in the presence of an oscillatory, non-planar shear flow. Recently Aniss et al. [13] have studied a lin ear problem of the convection parametric instability in the case of a Newtonian fluid confined in a Hele-Shaw cell and subjected to vertical periodic motion. In their asymptotic analysis they have investigated the influence of gravitational modulation on the instability threshold. More recently we [14] have investigated the Venezian [4] model for more general boundary conditions and compared the results with the results of Venezian. The object of the present study is to find an asymp totic solution of the linear stability problem in the case of a very small frequency. Here a saw-tooth and a step function profile are used to modulate the temperature of both the boundaries. The temperature profiles have been expressed in Fourier series. The results of these profiles are compared with experimental results as well as with the theoretical results of Rosenblat and Herbert [5] .
Formulation
Consider a fluid layer of a viscous, incompressible fluid, confined between two parallel horizontal stressfree planes, a distance d apart. The system is horizontal ly of infinite extent. The configuration is shown in Fig  ure 1 .
The governing equations in the Boussinesq approxi mation are dV dt
where pm, Tm are constant averages of density and tem perature, respectively, X = (0, 0, -g) is the acceleration due to gravity, v, the kinematic viscosity, K the thermal diffusivity and a the coefficient of volume expansion, and V = (u, v, w) is the fluid velocity. The relation between pm and Tm is given by (2.4)
The above equations permit an equilibrium solution in which V = 0, T = T(z, t) is a solution of a r d2T -------= K ------Td t dz2 (2.5) and the pressure p(z, t) balances the buoyancy force. To write the boundary conditions, we consider a tempera ture profile as shown in the Here e represents a small amplitude, 0 is phase angle, and ß is the thermal gradient. For the above cases (i) and (ii), (2.5) can be solved. We write T(z,t) = Ts(z) + eTl(z,t), (2.10) where Ts(z) is the steady temperature field and eTx is the oscillating part. Then the solution is 
where P= v /k is the Prandtl number, R= ag ATd^/vK the Rayleigh number, and co* = (od2/K the non-dimensional frequency. In (2.20) the asterisk has been dropped. Free-free boundary conditions are applied in this problem, therefore the conditions to be satisfied by w are with X fn = imco. 
Low-frequency Approximation
Here we shall obtain an approximate solution for a> < 1. It is evident that the system (2.27) is singular if a) -* 0, but it is of classical type and amenable to an asymptotic solution by standard WKB techniques. This approach does not limit e to small values, although there will be a restriction imposed later. Now, by expanding the coupling coefficients gm n j in powers of w, the system (2.27) for case (i) can be writ ten as 4 m 71
If we remove the terms of (p from (3.1) and (3.2)-(3.5), the above system reduces for case (ii). In (3.1) we sub stitute the asymptotic expansion
(where the r]n are constants representing the initial val ues of the xn) and equate to zero coefficients of like powers of (o. The systems corresponding to a>°, (jox and cd2 are found to be, respectively, -cos 0) cos jt + sin (j) sin jt] Also, when n / 1 we have Zn 0, then we get from (3.8) an expression for Gw n > 1 as
To determine Gl5 we use (3.11) in (3.9) and get (3.9) d_ (gA_ 1 r -ft For the solution of the above system we have from (3.7) either Fn = 0 or Zn = 0, and if the latter holds we get a quadratic equation for y\t), with two roots for each n. However it is easy to show that the largest growth-rate is determined by the greater of the roots [16] ) that alternative stability criterions are possible when the equilibrium state is time-periodic. In the next two sec tions we examine the consequences of applying two dif ferent criteria to the solution.
AB(t) = A + B ^d j

Periodicity Criterion
This is a natural criterion to use in discussing the stability of time-dependent systems and is the one used I n by Venezian [4] for the present configuration. The ob ject is to determine the value Rp, say, of the Rayleigh number R for which the disturbance xx is periodic with period 2jt. Since xx is the least damped of the modes, and since (3.1) is a system with periodic coefficients to which the standard Floquet theory is applicable, we are assured that all disturbances will decay when R < Rp, while at least xx will grow when R > Rp. We can write this condition on xx in the form Here the value of the integral E = E(K) is calculated nu merically by using Simpson's 1/3-rule (cf. Sastry [17] ). The equations (4.12) and (4.14) can be expressed in the form 
am = ----sin (mJz/2). mir
Here the values of Rp0 > and R{ pV ) for both the temperature profiles, saw-tooth functions as well as step-function, and for all the three cases, have been calculated. The re sults of case (c) are compared with the Rosenblat and Herbert [5] results. In the Rosenblat and Herbert results, a sinusoidal function is taken for modulating only the lower boundary temperature. We have obtained the re sults for a sinusoidal function also for cases (a) and (b) and compared them with the above results. It is easy to verify analytically, for the cases (a) and (b), from (4.15) and (4.16) that the quantity R^/Rc is maximum when P = 1 (for arbitrary, fixed e). This means that in the limit co -* 0 the enhancement of the critical Rayleigh number is greatest when P = 1. The ac tual behaviour of R^/Rc over a range of values of P can be calculated numerically from (4.15) and (4.16). Next, we consider the variation of R^/Rc with e. For the illustration it is sufficient to take the peak modula tion value P = 1. In this case R^/Rc is given by (4.17) and (4.18), with Cx= 2 and 1 for the cases (b) and (c), respectively. The values are now evaluated numerically, and the behaviour of R^/Rc for the cases (b) and (c) is shown in Figs. 4 and 5, respectively. It is clear from both above figures that the effect of modulation is more stabilizing when the modulation is out of phase than when the upper plate is at constant temperature. For inphase modulation the value of Rp0) is given by (4.9) and (4.10); here it is clear that the effect of modulation on the onset of convection is zero.
UPPER PLATE IS AT CONSTANT TEMPERATURE
Finally, the second order correction RpV ) of Rp is giv en by (4.11), (4.19) and (4.21) for the cases (a), (b) and (c), respectively. Here the values of Rpl) for all the three cases is found to be negative. This means that maximum stabilization occurs when co -* 0 rather than at some fi nite frequency as observed in the couette flow analogue by Donnelly [3] .
It is relevant now to consider whether periodicity is a suitable criterion of stability in the present situation. When R < Rp, the solution obtained above is certainly quasi-asymptotically stable. That is any infinitesimal disturbance, whose initial value r)x is less than some number T ], tends to zero as t -* It is, of course, not possible to determine r}\ it corresponds to the maximum amplitude of those disturbances for which linearization is valid.
It can also be said that disturbances are stable (in the Liapunov sense) for R < Rp, in that we can find a num ber r]2 such that all disturbances with T )x < rj2 can be made to remain within prescribed bounds at all times t.
This property, however, is subject to the following qualification. The form of the solution shows that when co is small and R is close to Rp, the quantity e y lw oscil lates between very large and very small values. In the limit co -+ 0 this oscillation tends to infinity. It follows that if | jc! | is to have a finite bound, its initial value must be chosen sufficiently small. In particular, rj2 will need to depend on cd, with a variation of the form e~1/cu, and cannot be prescribed independently of cd. Thus, al-though we can achieve stability, we cannot ensure stability for any disturbance uniformly with respect to co as oj -* 0.
If, on the other hand, we consider the class of distur bances specified by r), we may have sufficiently sub stantial growth during some interval of time for the lin ear theory to break down. In the next section we discuss the stability criterion so as to include the class rj within linear theory.
Amplitude Criterion
In view of the doubtful validity of the periodicity cri terion when used in conjunction with linear theory and low-frequency of modulation, Rosenblat and Herbert [51 have proposed the amplitude criterion, which de scribes as unstable any disturbance which increases dur ing a cycle by an arbitrary factor of ten. The object of the criterion is to prevent the amplitude of the least stable mode jcj , becoming too large during any part of its cycle. Let the new critical Rayleigh number be Ra. Then obviously Ra < Rp, and the mode Jt! will have the form of a damped oscillation. Let (*i)min and (jc^ma* be the values of x\ at a successive minimum and maxi mum, respectively, occuring at t = t_ and t = z+ say. Then the disturbance is stable if Now we solve (5.3) and (5.4) simultaneously, and to do this we write an expansion for the critical Rayleigh number in powers of co, which in this case turn out to be non-integral powers. We put R = Ra = RW>+a/*R™+..., (5.5) where N is to be determined. Corresponding to (5.5) we write value of Ra is indeterminate to the extent that the con stant M is not specified within the criterion. The qual itative trend, however, is clear: the Rayleigh number in creases with increasing at, commencing with the quasi steady value at a) = 0. It is also apparent from (5.17) that the critical wave-number is in this case subject to a sec ond order modification of order a> 2/3. The exact form again depends on the undetermined constant M.
The nature of the solution (5.17), for case (c) is illus trated in the Figures 6-9 . For definiteness we have cho here the values of Ra are double of those obtained in case (c). For different temperature profiles and at dif ferent values of e, the above figures give the upper bound of the Rayleigh number, for a class of disturbanc es to be stable (on linear theory).
Discussion
The discussion of the preceding two sections can be summarized as follows: for a class of disturbances (those for which linearization is valid and whose initial values are independent of the frequency) the periodicity criterion is a sufficient condition for instability, in that the inequality can be regarded as a sufficient condition for stability (on linear theory) for the same class of disturbances, in the sense that their magnitude at any instead can be a prio ry restricted. In the case Ra<R<Rp (6.3) our solutions predict that these disturbances decay as t -► oo, but have extreme oscillations at finite t for (o -* 0. It is not possible to predict the actual behaviour of such disturbances without a non-linear analysis. That is, we cannot say whether a non-linear effect tends to stabilize, by decreasing the amplitude of the oscillation, or to destabilize by reinforcing them. Also, when R<Rp there is a class of disturbances which not only decay as t -*> oo but also have finite bounds on their variation. This class, however, contains only disturbances with frequency-dependent initial values and becomes vanish ingly small as at -* 0. In Figs. 10-12 we have represented Rp and Ra, on the same diagram. In the figures the solid lines refer to Rp and the broken lines ot Ra. In each figure, Rp and Ra, intersect at some value of co, indicating the minimum frequency for which linearization is valid. For a step function profile, saw-tooth profile and sinusoidal pro file, respectively these values are found to be w = 0.25, 0.25, 2.3 for e = 0.3, ft) = 0.3, 0.24, 4.4 for e = 0.5 and ct) = 0.3, 0.18, 7 for £ = 0.7.
R>Rp
Finally, Figs. 13 and 14 are devoted to the variation of Rp with ft), when the wall temperatures are modulat ed in phase. It is found that the effect of second order correction to Rp for the sinusoidal profile is more desta bilizing than for the saw-tooth profile but less destabi lizing than for the step function profile.
